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 Chapter 1

" ANALYZING MATHEMATICS INSTRUGTIONAL Tasks |

._Mathemahcal tasks can be exammed from a3 variety of perspecbves includmg
' the number and kinds of representations evoked, the variety of ways in which.
“they can be solved, and their requirements for stadent communication, Tn this -

book, we examine mathematical instructional tasks in terms of their cognitive

" demands. By cognitive demands we mean the kind and Jevel of thinking requited, .- -
.of students in order to successfully engage with and solve the task. - S

In this chapter, we- descnbe a method for analyzing the cognitive dems.n'ds"T ‘

" of tasks as they appéar in curricular or istructional materials (the first phase’ "

. of the Mathematical Tasks Framework shown in Fxgure L3 the Initroduction). ool

.~ Unlike the remamder of the. framework, wlnch describes task evolution during A
*" . a classroomn lesson; the Initial phase: of the, framework focusesion tasks before . . -

_ the lesson begins, that i is, the task as it appears in print form or.asit is. created IR

~ by the teacher.’

- Why are the eogmﬁve demands of tasks %0 1mportant? As stated in the' -

Professwna! Standards for.Teaching Mathematics (NGTM, 1991), opportunitles - .
. for student iearmng ate mot created simply. by putting students into’ groups, '
_by placing manipulatives in front of them, or by handing them 'a ‘calculator.” ~ . .
. Rather, it is the level and kind- of’ thmkmg in_which students engage that -~ N
" determines ‘what theywill learn, Tasks that requife : students-to perform a -~ .

-+ . mémorized procedure in a routine manner lead to one type:of opportunity for. -

i late students to makepm'pcsaﬁx{ connections to mesningorrelevaﬁtma&xemati- R
" ¢al ideas Tead to d different set of opportunities for student thinking, Day-n" " -

. ~and day»out thie cumulative effect of students’ experiences with fnstructional .- "~
" ‘tasks i5 students™implicit development of idéas about the nature of mathemat-.” - :

student thinkisig; tasks that demand engagement ‘with congepts dnd that stimu- -

jes—about whethier mathematics is something they personally can make sense

" . of, and how long and how hard théy should have, to work to do so.

-Since the tasks with which students become engaged In. the clz.xssrt‘:om; :

'form the basis of their. opportunihes for learning mathematics, it is important °
to be. clear about oné’s goais for student Ieammg Once learning goals for' + -
" students have been clearly articulated, tasks ¢an be selscted or créated to

match these goals. Being aware of the cognitive demands of tasks is a central

cqnszderation in ﬂns matching For exarnp}e if a teacher wants students tg . |

‘iI
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learn how to justify or explain their solution processes, she should select a task
that is deep and rich enough to afford such opportunities. If, on the other
hand, speed and fluency are the primary learning objectives, other types of
tasks will be needed. In this chapter, readers will learn how to differentiate
among the various levels of cognitive demand of tasks, thereby laying a founda- -~ |
tion for more careful matching between the tasks teachers select for the class-
room and their goals for student learning. ' ‘ P '
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The example shown in Figure 1.1 illustrates four ways in which students can
be asked to think about the relationships among different representations of
fractional quantities.-Each of these ways places a different level of cognitive -
demand on students. As shown on the left side of the figure, tasks with lower- o
level demands would consist of memorizing the equivalent forms of specific =~
fractional quantities (e.g., /2 = .5 = 50%) or performing conversions of fractions
to percents or decimals using standard conversion algorithms in the absence
of additional context or meaning (e.g., convert the fraction 3/8 to a decimal by
dividing the numerator by the denomixator to get .375; change .375 to a percent -
by moving the decimal point two places to the right to get 37.5%). These lower- *
level tasks are classified as memorization and procedures without connections to -
understanding, meaning, or concepts (hereafter referred to simply as procedures -
without connections), respectively: When tasks such s these are used, students
typically work 10-30 similar problems within: one sitting. . - Co
Another way in which students can be asked to think about the relationships
among fractions, decimals, and percents—one that presents higher-level cogni--
tive demands—miight also use procedures, butdosoin away that builds connec-
tions to underlying concepts and meaning, For example, as shown in Figure L1, -
students might be asked to use a 10 X 10 grid to illustrate how the fraction 3/5
represents the same quantity as the decimal .6 or 60%. Students would also be.
asked to record their results on a chart containing the decimal, fraction, percent,
and pictorial representations, thereby allowing them to make connections among
the various representations and to attach meaning to their work by réferring to
the pictorial representation of the quantity every step of the way: This task is
classified as procedures with connections to understanding, meaning, or éon~
cepts (hereafter referred to simply as procedures with connections). -
Another high-level task (classified as doing mtﬁémaﬁcs‘l} would entail
asking students to exploré the relationships among the various ways of represent-
ing fractional quantities. Students would not—at least initially—be provided
with the conventional conversion procedures. They might once again use grids,

.l:lighereLevei Dcman@é;
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copyright 1998 by the National Counicil of Teachers-of Mathematics. All rights reserved) "
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-, fepresentations of fractional quantiti

. in the Middle School,
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but this time grids of varying sizes (not just 10 X 10) would be used. As shown

in Figure 1.1, students could be asked to shade six squares of a 4 x 10 rectangle.

and to represent the shaded area as a percent, a decimal; and a fraction: When

students use the visual diagram to solve this problem, they are challenged to

apply their understandings of the fraction, decimal, and percent coricepts in
novel ways, For example, once a student has shaded the six squares, he or she
must determine how the six squares relate to the-total number of squares-in’

the rectangle. In Figure 1.1, we see an example of a student’s response to this
task that illustrates the kind of mathematical reasoning used to come up with

an answer that makes sense and that can be justified. In contrast to the tasks
with lower-level demands discussed earlier, in procedures-with-connections
or doing-mathematics tasks, students typically perform far fewer problems
{sometimes as few as two of three) in one sitting. B ’

MATCHING TASKS WITH GOALS FOR STUDENT LEARNING

- As {llustrated by the above discussion, not all mathematical tasks provide the
same opportunities for student learning. Some tasks have the potential to-

engage students in complex forms of thinking and reasoning while others focus

on memorization. or the use of rules or procedures. In our work with teachers -

in the QUASAR Project, we discovered the importance of matching tasks with
goals for student learning. Take for example the case of Mr. Johnson {Silver &
Smith, 1996). Mr. Johason wanted his students to learn to work collaboratively,
to discuss alternative approaches to solving tasks, and to justify their solutions;

However, the tasks he tended to use {e.g., expressing ratios such as 15/25 in -

lowest terms) provided little, if any, opportunity for collaboration, exploration
of multiple solution strategies, or meaningful justification. Not surprisingly,
class discussions were not very rich or enlightening. The discourse focused on
correct answers and describing procedures, doing little to further students’
ability to think or reason about important ideas associated with ratio and
proportion. - )

Mr. Johnson’s experience (and that of many teachers with whom we have
worked) makes clear the need to start with a cognitively challenging task that
has the potential to engage students in complex forms of thinking if the goal
is to increase students’ ability to think, reason, and solve problems. Although
starting with such a task does not guarantee student engagement at a high

level, it appears to be a necessary condition since low-level tasks virtually never -

result in high-level engagement (Stein, Grover, & Heénningsen, 1996), . ‘
This is not to suggest that all tasks used by a teacher should engage students

in cognitively demanding activity, since there may be some occasions on which

-
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: a teacher might have other. goais for a partiéuiér lesson, gc_'iai-s‘ th_;':\t would be 5
" better served by a different kind of task. For example, If the goal is t¢ increase .. . *

students’ fluency in retrieving basic facts, definitions, and rules, then tasks that

- focus on memorization may be appropriate. If the goal is to increase students’
" speed and ‘accuracy in solving routine problems, then tasks that focus on - -

procedures without connections may be appropriate. Use of these types oftasks
‘may improve student performance on tests that consist of low-level items and . -

o may lead to-greater efficiency of time and effort in solving routine aspects . - A

of problems that are embedded in more complex tasks.- However, focusing

“exclusively on tasks of these types can lead to a limited understanding of what s '

mathematics is and how one does it, In addition, an overreliance on these types

of tasks could lead to the inability to apply rules and procedures moré generally, . b

that is, to similar but not identical situations, or to recognize whether 1 particu- .

-. lar rule or procedtire is appropriate across a variety of situations (NCTM, 1989). -

Hence, students also. need opportunities on a regular basis to engage with tasks

that lead to.deeper, more generative understandings regarding the nature of - o
. mathematical processes, concepts, and relationships. - 8 SR

" DIFEERENTIATING LEVELS OF COGNITIVE DEMAND - |

" The Task Analysts Guide {shown in Figire 1.2) consmts of a Ii.étirig_'-of the
. characteristics® of tasks at each of the levels of cognitive demand described -

earlier in the chapter: memorization, procedures without connection, proce- | -

dures with connections, and doing mathematics: When applied to a mathemati- .~
cal task (in print form), this-guide can serveas a judgment template.(a kind . . . " -~
of scoring rubric) that permits a “rating” of the task based on the kind of - "

~ thinking it demands of students. ' ' ‘ .

For example, the guide would be helpful in. deciding that the Fencing-. -
"Task (showr in Figure 1.2 in the Introduction) was an example of doing mathe-
matics since the characteristics of this level most clearly describe the kind of
thinking required to successfully complete the task. Specifically, no pathway

* is suggested by the task (ie., there is no averarching procedure or rule- that -~ *

can simply be applied  for solving the entire problem and the sequence of .

necessary steps is unspecified) and it requires students to explore pens of - '
different dimensions and ultimately to make a generalization r’egar‘di:ng-thg pen

that will have maximurmn area for a fixed amount of fencing.- _ Gy
- When determining the level of cognitive demand provided by a mathemati- -
cal task, it is important not to. become distracted by superficial features of the-
task and to keep in mind the students for whom the task is intended. Both of -
these considerations are discussed below. .~ ° . = . -
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connection to coricepts or meanmg required and the focus is on. producmg'
the correct answer, :

-
L]
-
-
-
-
a
-
@
-

should be considered high-level. For esample, the Lemoriade Task~~in which .
" “students have to detérmine which of two recipes for lemonade is more
" “lemony™ Recipe A, which has 2 cups of lemon concentrate and 3 cups of

THE TASK ANALYSIS GUIDE

water—has been considered by some an example of a procedures«uﬂthout—

 as doing mathematics since no pathway for solving the- -problem is suggested :
(eitherexplicitly or implicitly). Speclﬁcaﬂy, the task requires studentsto compare” "

‘centrate. To do so, students must make sefise of the problem situation and main-
tain a close-connection to the meaning of ratio and to the question being asked,

- So even though tasks might “look” high- or low-level, it is important to move .

- beyond their surface featu.res to consider the kmd of thmkmg t‘ney require

Lower-Level Demands
Memorization Tasks

Cons:denng the Students

cannot be salved using procedures because a procedure does not exist or
because the time frame in which the task is being completed is too short

to use 2 procedure,

its use is evident based on prior instruction, experience, or placement of

are not ambiguous--sach tasks involve exact reproduction of previoasty
. the task.

seen material and what is to be reproduced is clearly and directly

stated. .
are algorithmic. Use of the procedure is either specifically called for ox

involve either reproducing previousty learned facts, rules, formulae, or
definitions OR committing facts, nales, formulae, or definitions to

memory.

* have no commection to the concepts or meaning that underlie the facts,

rules, formulae, or definitions being leamed or reproduced.
. requirs o explanations, or cxplanations that focus solely on describing

. require Hmitad cogaifive demand for successful completion. There is
the procedure that was used,

little ambiguity about what needs to be done and how to doit.
are focused on producing comrect answers rather than developing

have no connection to the concepts or meaning that undedie the
. matheratical understanding.

procedure being used.

"Another cons:derabon whe,n dec:dmg the levei of chaHenge provxded by atask

“FIGURE 1.2. The characteristics of mathematical tasks at each of the four levels of cbgnitiée-deﬁ:and (Stein & Smith, 1998).

{Reprinted with permission from Mathematics Teaching in the Middle School, co

. of Mathematics, All rights reserved)

It is also poss1bié for tasks to be des:gnated low-level when in fact they'_ Lo

water, or Recipe B, which has'3 cups .of lemon concentrate and 3 cups of L

"+ . connections task because it “looks like” a standard textbook problem that could ... i <
be solved by applying a rule or because it Jacks “reform features” (such as'* <,
requiring an explanation or jushﬁcatxon) However, we have described this task™ " -

‘two situations and to.determine which recipe has the higher proportion ofcons

i the students (thexr age, grade level 9nor know}edge and experiences) and L ‘ -
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the norms and expectations for work in their classroom,, Consider, fé!r example, "

a task in which students are asked to add five two-digit numbers and explain
the process they used. For a fifth- or sixth-grade student who has access to a

caleulator and/or the addition algorithm, and for whom “explain the process” -

means “tell how you did it,” the task could be considered routine. If, on the

other hand, the task is given to a second grader who has just started work with

two-digit numbers, who has base-10 blocks avaﬂabie;and/or for whom “explain
the process” means-you have to explain your thinking, the task may indeed
be high-level. Therefore, when teachers select or design instructional tasks,

all of these factors must be considered in order to determine the exient to-

which the task is likely to provide an appropriate level of challenge for their
students. - ' o ' .

GAINING EXPERIENCE IN ANALYZING COGNIﬁVE DEMANDS

One way we have found to help teachers learn to differentiate levels of cogni-

tive demand is through the use of a task-sorting activity. The long-term goal
of this activity is to raise teachers’ awareness of how mathematical tasks differ

with respect to their levels of cognitive demand, thereby allowing, them to

better match tasks to goals for student learning. A task-sorting activity can also

enhance teachers’ ability to thoughtfully analyze the cases {which appear in A
Part II of this book), and ultimately, to become more analytic and reflective:

about the role of tasks in instruction. o

The eight tasks shown in Figure 1.3 represent a subset of tasks we have
used for this purpose. These tasks cover all four categories of cognitive de-
mand and they vary with respect to a range of superficial features across
these categories. For example, both tasks A and D require an explanation or
description yet Task A is considered high-level (doing mathematics) and Task

D is considered low-level (procedures. without connections). Alternatively, -

both Tasks A and C are considered doing mathematics, yet they differ with

respect to the use of manipulatives, a “real-world” context, and the use of a
. diagram. - o ‘ ;
Whether our tasks are chosen as the basis for a sorting activity, new tasks™_ -

are created for this purpose, or some combination of tasks is used, it is important

to vary tasks with respect to a range of features across categories of cognitive -
demand. Figure 1.4 provides a complete listing of the cognitive demands and”
" features represented in the eight tasks shown in Figure 1.3. The analysis of . -

tasks that vary in these ways will require going beyond superficial features to
focus on the kind of thinking in which students must engage in order to
complete the tasks. ) o S
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Developing a Shared Meaning

The benefits of a tasic‘sorting activity, as described in the prevmus segtion,

accrue not simply from completing the sort, but rather from a combmatmn of -
small- and large-group discussions that provide the opportunity for conversé- .- -
tion that moves back and forth between specific tasks and the characteristics -

of each category as illustrated in the Task Analysis Guide (Figure 1.2) and
negotiating definitions for the categories. We have found that participants do
not always agree with each other—or with us—on how tasks should be catego-
rized, but that both agreement and disagreement can be productive.

For example, we have found that there is often complete (or near) consen-
sus that Task E should be classified as procedures with connections. The.

-discussion -about the task often brings out the fact that the task focuses on

what i means to take a fraction of a fraction (as opposed to using an algorithn

such as “multiply the numerators and multiply the denominators”) and that it -

cannot be completed without cognitive effort (i.e., students have to think about.

what their actions mean as they work through the problem). For other tasks, -
such as Task A, there is often little agreement. Some consider Task A an exam-
-ple of procedures without connections, some as procedures with connections,

and others as doing mathematics. The ensuing discussion often highlights the

fact that there is no procedure or pathway stated or implied for Task A, yet -
the Task Analysis Guide has included the use of a procedure as a hallmark of

tasks that were classified as procedures without connections dnd procedures,
with connections. A more focused look at thé characteristics.of doing mathe-

.matics can bring out the fact that tasks in this category require students to . -

explore and understand the nature of relationships—a necessary step in ex-

tending and deseribing the pattern in Task A. The discussion generally ¢on-*

cludes with teachers deciding it is a doing-mathematics task. By using the Task
Analysis Guide as a template against which to judge. this and other “little
consensus” tasks, the group has a principled basis for the.decisions they make,

It is easy to get side-tracked with discussions about how a specific group -

of students would solve a particular task or to become overly concerned about

achieving complete consensus on every task. (This has happened to us more.” - F :

than once!) The goal is ot to achieve complete agreement but rather to provide
teachers with a shared language for discussing tasks and their characteristics

and to raise the level of discussion among teachers toward a deeper analysis’

of the relationship between the tasks they select or create and the level of

cognitive engagement that will be required of students. It is. xmportant to -

remind participants to consider the purpose of the task-sorting activity more

. generally—to begin to consider how and why tasks differ and how &ese differ-

ences can impact opportunities for student learning.

THE MATHEMATICAL TASKS FRAfvawORK‘

" Levelof

- - Explanation -~ -

Task |~ . Cognitive . Cof L . Features -
. Demand - Categorizaﬁon“” T
A Doing ma_thcmatics .Thcrc is no pathway srequirgs'ah explanation " |

- - | suggested by the task.~ | suses manipulatives T "}
" | The focus is on lookmg .| *ifivolves miultiple’ .v;teps -
‘| for theunderlying~- - | uses adiagram.
mathemaﬂcal structure. . | vis symbohc/abstract
- - i s “textbook-Hke"
B | Procedures.with - | The task focuses | *has “real-world” context
- | connections' - -, | atterition on the. | *involves multiple steps
- ; { procedure for ﬁndmg | «is “textbook-like?
percents, but ina - -
o _meaningfi] context. R ,
-C | Doing mathcmatic‘s " There is no predictable | *requires an explanation
A I pathway suggested by the *has real-world” coptext
1 task and it requires - | *involves multiple sreps
‘| complex thinking, - | +uses a caleulitor .

-ofs “textbopk-like" -

. D | Procedures without

| ‘The task requires the use -

~tequires an explanation -

. connections of a well-established . . *has “real-world"-comtext . .- . -
: |/ procedure for finding the -} sinvolves multplesteps | . - .-
| sales price. There is tm *fs “textbook-like” -
conqes:twn to meaning, | o
“E - | Procedures with .~ | The task providesa . - { *tises mampuiatives S
connections . | ‘procedure for takinga . - | *involves multiple steps
L fraction of a fractionbut | +uses a diagram -
connects the prccedﬁre to | «is, symbohcfabstract
:. | meaning, : )
3 Pmcedures mthcut The task providesa- = - | *uses mampu!a&v;s. .
D connectzons ) } procedure for finding the ‘uges a diagram+” . | 1L
‘| perimeter but requires no | +is smboiic!abstract ]
. ccnnedtion to mearxizig.." . . SR
-G | Procedures.with . | The task p::ov:des a, -requiresanexplanaﬁon T
" ' connections 'prccedure for ﬁndmg the~ “sinvolves mumple steps N
o s average that focuses on | | usesadiagram .- |
‘thezmderlymg meamng -!s symhohc!absiract "
. " of average, - L L
H ' | Memorization. .~ | The task requires the - I8 "tcxtbaok-hke" -
) S C recall of previously, - . - :
» | learned information. No
R understandmg fs
rcqu:red

FIGURE 1 A Cagmt;ve demands and features of the esght samp(e tasks
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2 ' THE MATHEMATICAL TASKS FRAMEWORK
-

Continuing to Differentiate Cognitive Demands -

A task-sorting activity provides one way in which teachers can begin to differen.

tiate cognitive demands of tasks. Two additional approaches, more closeiy
connected to teachers’ practice, can also be helpful in this regard. -

One approach is to ask teachers to collect the tasks used during elassroom
instruction over a defined period of time (e.g.,-3" vreeks). Then the teachers

can use the Task Analysis Guide to identify the cognitive demands of the. - E-

tasks they collected. and evaluate whether the collection provided sufficient
opportunity for development of thinking, reasomng, and problem solmng as
well as basic skiils.

Another suggestion is to have teachers use the Task Analysis Gmde to
evaluate the tasks in a unit or chapter of their textbook or instfuctional materi-

als. This could lead to a discussion of the balance of instructional tasks provided-

by the materials and/or to havmg teachers rewrite the tasks that were identi-
fied as low-level so as to raise the level of cogmhve demand of the task i.e.,
change low-level tasks into high-level tasks)

MOVING BEYOND TASK SELEC? ION AND CREAT!ON

appear in curricular materials or as they are created by teachers. In the remain-

der of this book we will focus on the ways in which tasks that are set up at a - a8

high-level play out during classroon instruction. There are at least two reasons

for restricting our focus to high-level tasks from this point forward. First, the .
widespread dissemination of the Standards documents (NCTM, 1989, 1991, .
1995, 1898) has made teachers and-staff developers keenly aware of the need
to challenge student thinking and the recent publication of innovative curricula
such as Connected Mathematics (Lappan, Fitzgerald, Friel, Fey, & Phillips,
1998) and Mathematics in Context (The Mathematics in Context Development-

Team, 1998) has provided teachers with access to a storehouse of challenging
mathematical tasks, Hence high-level tasks are being used with increased fre-
quency in our nation’s classrooms. Second, in contrast to low-level tasks, which

are almost always faithfully implemented, the enactment of high-level:tasks is-

less predictable and often leads to unintended and unantimpated outcomes
(Stein et al., 1596).
In the next chapter we will focus on understandmg the complexihes eficoun-

tered when tasks leave the printed page and become entangled with the

thoughts and actions of the teachers and students who give them life during
classroom lessons. This is a critical part of the story for teachers who are

* This chapter has focused on analyzmg the cogmtive demands of tasks as t‘t,\ey‘. B ]

-,ANAI.}’ZINC MATH-EMATECS [Nsmucrsomr. TASK's', ; L.23,

comrmtted to. ensunng that students are not only exposed to, but also beneﬂt_;v-

from, h1gh-1eve1 tasks

. NOTES W

L The category doir:g mathematics inciudes many different types of tssks that o

have the shared ‘characteristic of having no pathiway-for solving the task explicitly or - S

i - implicitly ‘suggested and therefore requiring nonalgorithmic thinking: This’ category

includes tasks that are nonroutine'in nature, are intended to explore a mathematical
concept in depth, embody the complex:txes of real—hfe situtions, or ‘Tepresent mathem&t--
ical abstractions. :

2.. These charactenstxcs are derived fmm the work of Doyle on academic tasks o

{1988) and Resnick on high- level thinkmg skills (1987}, and from the exarination and

-categorization of hundreds of tasks in QUASAB ciassrooms (Stem et aI 1996 Stem, -
- Lane, & S11ver 1997) ’ ) .
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